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Abstract The renewal imposed by the Eurocodes
regarding the methodologies of safety evaluation
requires a statistical analysis of the variability of
ground geotechnical parameters. However, the studies
published in the reviewed literature do not cover the
typical materials from the northeast region of Portu-
gal—residual soils from granite—to which a strong
heterogeneity is associated. Hence, a statistical char-
acterization of the natural variability of a granite
residual soil from Porto has been made through a
significant amount of experimental tests, focusing on
its geomechanical properties. In order to provide a
database for probabilistic analysis of problems involv-
ing this type of soils, an appropriate statistical law has
been used to model its variability, which has been
quantified by means of coefficients of variation and
scales of fluctuation.
Keywords Residual soils  Shear strength 
Natural variability  Coefficient of variation 
Scale of fluctuation
1 Introduction
The concept of safety and its evaluation has experi-
enced a remarkable evolution over the last few years.
However, the determination of a global factor of safety
is still widely used in the design of geotechnical
structures, which creates additional difficulties in
understanding the influence in design resulting from
the uncertainties in the different parameters. There-
fore, following the renewal imposed by Eurocodes,
deterministic methodologies will tendentiously be
replaced by more rational approaches, such as semi-
probabilistic methods—for example, the partial coef-
ficients method—and probabilistic methods based on
the reliability theory.
An extensive characterization of the variability of
geotechnical parameters must be carried out to enable
the transition to be fulfilled. This characterization
should be as objective as possible, avoiding ambigu-
ities provided by qualitative descriptions, as suggested
by Kulhawy and Phoon (1999) who recommend a
statistical analysis including the coefficient of
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variation and the scale of fluctuation. Although the
literature provides benchmarks for sands and clays,
quantitative studies devoted to the variability of
residual soils are scarce and their singular character-
istics require specific treatment.
Accordingly, Pinheiro Branco (2011) performed a
significant amount of direct shear tests in order to
characterize the natural variability of a granite residual
soil from Porto, namely its shear strength but also
some physical properties. The test results were
subjected to a statistical treatment focused on the
coefficient of variation and the scale of fluctuation and
the main conclusions are discussed in this paper.
2 Residual Soils Variability
2.1 Uncertainties in Geotechnics
The main difference between geotechnics and other
fields of civil engineering has to do with the fact that
geotechnical problems involve natural materials, namely
soils and rocks, whose properties depend on natural
processes which humans cannot control. Consequently,
site geotechnical characterization involves inferences to
be carried out from limited data and dealing with
different sources of uncertainty (see Fig. 1).
As shown in Fig. 1, there are three main sources of
uncertainty when estimating ground parameters—
natural variability, measurement errors and model
errors. As this paper deals with residual soils, which
present a strong heterogeneity, natural variability
takes additional importance and is going to be the
principal topic addressed.
2.2 The Particular Case of Residual Soils
Residual soils derive from weathering of underlying
parent rocks, having a wide particle size distribution
and a bonded structure, where coarse grains (in the
case of granite residual soils, usually minerals of
quartz) are bonded by fragile clayey bridges (Viana da
Fonseca et al. 1997).
In contrast to sedimentary deposits, which gener-
ally present horizontal stratification, residual soils
profiles are particularly random. Indeed, there might
be sites in which there is a mass of residual soil
surrounded by intact rock and other sites where
boulders can be found within a thick layer of residual
soil (Viana da Fonseca et al. 2010).
So, as residual soils genesis depends on weathering
factors which are not constant in place, a variability
analysis should also take into account its spatial
components, both vertical and horizontal.
2.3 Natural Variability Quantification
2.3.1 Coefficient of Variation and Scale
of Fluctuation
Kulhawy and Phoon (1999) suggest the use of two
quantitative attributes to analyze ground natural
variability, namely the coefficient of variation and
the scale of fluctuation.
The coefficient of variation is a normalized measure
of data dispersion which, for a sample of size n (y1,
y2, … yn), can be estimated for an arbitrary variable










where cly is the sample estimate of the mean (that is,
the arithmetic mean of n data values which constitute
the sample of Y).
Regarding the scale of fluctuation, consider, by way
















Fig. 1 Sources of uncertainty in geotechnics (Kulhawy and Phoon 1999, adapted)
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illustrated in Fig. 2 which is on the verge of sliding
along a relic discontinuity of its parent rock. Figure 2
also presents a graphical representation of the varia-
tion of the friction angle, Ø, along the weak strength
plane, as well as its mean value.
As shown in Fig. 2, the friction angle along the
sliding surface is not constant. So, in order to take into
account spatial fluctuations around the mean value, it
is opportune to introduce the concept of scale of
fluctuation, d. The scale of fluctuation of a given
property measures the distance over which the ground
properties present values of the same order of mag-
nitude, at least with respect to the tendency defined by
the mean value, indicating the existence of some
correlation between the properties of adjacent points
(Vanmarcke 1977). Its value can be determined
roughly using eq. (2) (Kulhawy and Phoon 1999).
d ’ 0:8  d ð2Þ
in which d is the average distance between intersec-
tions of the curve representing the real value of a given
property and its average curve (see Fig. 2).
In practice, the scale of fluctuation is crucial to
understand the behavior of potentially unstable masses
of soil. Indeed, soils behave as highly hyperstatic
structures; therefore, if a particular loading leads to
failure of the most fragile areas, there can be a
redistribution of shear stresses to adjacent areas with
greater strength. However, this load redistribution can
only take place before failure if the surface on which
shear strength is mobilized is large enough to ensure
that the overall soil behavior is governed by it average
resistance (Silva Cardoso and Matos Fernandes 2001).
That is, the scale of fluctuation represents a point of
reference used to determine if the failure surface is
large enough so that shear stresses can really be
redistributed. In order to take that internal redistribu-
tion capacity into account in calculations, Silva
Cardoso and Matos Fernandes (2001) suggest the use
of a corrected coefficient of variation, cvreal, defined as:








where the dimensions of a potentially unstable mass of
soil are defined by Li, while di are the corresponding
scales of fluctuation; note that i refers to a particular
spatial direction out of the n along which the
fluctuations of the property in analysis are considered.
2.3.2 Typical Statistical Parameters and Scales
of Fluctuation in Soils
Table 1 summarizes common coefficients of variation
related to some physical and mechanical properties of
sandy and clayey soils, constituting the main refer-
ences with regard to the characterization of the natural
variability of soils.
Concerning the spatial component of variability,
the parameters characterized in terms of scale of
fluctuation are mainly the ones that can be evaluated
from in situ tests that provide a continuous record of
ground properties. The values indicated for undrained
shear strength obtained from vane-tests and for CPT
tip resistance are presented in Table 2, resulting that
horizontal scales of fluctuation tend to be one order
of magnitude greater than the vertical ones.
Distance to the 
slope toe
Relic discontinuity 
d1 d2 d3 d4 d5 d6 
Fig. 2 Cross section of a slope in residual soil and friction
angle along a relic discontinuity
Table 1 Typical coefficients of variation in soils
Property Soil Type cv
(%)
Reference






Sands 3–12 Duncan (2000)
5–15 Baecher and Christian
(2003)






10–70 Shahin and Cheung
(2011)
20–40 Forrest and Orr (2010)
Voids ratio Sands and
clays
7–42 Baecher and Christian
(2003, adapted)
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The variability of most geotechnical parameters can
be modeled with normal distributions. However, when
data values are low, spread out and cannot be negative,
as it happens with cohesion, using normal distributions
may not be appropriate. In fact, Forrest and Orr (2010)
suggest instead the use of a lognormal distribution to
model the variability of cohesion, since it only
assumes non-negative values and gives a greater
weight to lower values.
3 Natural Variability of a Granite Residual Soil
from Porto
Samples of residual soil were collected in Porto,
Portugal (see Fig. 3)—geographical coordinates in the
UTM Datum WGS84: 41.173308 (latitude) and
-8.601958 (longitude).
Geologically, it is a residual soil from granite, with
a W5 weathering state, presenting a stained aspect,
where it is possible to differentiate a whitish stain with
completely weathered feldspars from a yellowish
stain, which has more sand and presents oxidized
biotites (see Fig. 4). It was found that this heteroge-
neity was not only random in plan view, but also in
depth (see Fig. 4b).
The natural variability of shear strength in the
study area of approximately 1.15 9 1.15 m2, pre-
sented in Fig. 4, was characterized through 40
standard direct shear tests. Samples were grouped
together in 10 sets of four samples each, as schema-
tized in Fig. 5, for which peak and constant volume
shear strength were evaluated in drained conditions
by tests conducted under normal stresses of 25, 50,
75 and 100 kPa.
All procedures related to direct shear tests, includ-
ing in situ sampling, preservation, transportation and
preparation of samples in the laboratory, were carried
out according to a standard test method—ASTM
D3080-04. Succinctly, and highlighting some impor-
tant aspects, the procedure was the following:
Fig. 3 Map showing the geographical location of Porto (Google Maps 2014)
Table 2 Typical scales of fluctuation in soils (Kulhawy and
Phoon 1999, adapted)
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• undisturbed samples were collected thoroughly
using cutters (0.10 9 0.10 9 0.03 m3) with the
aid of a sharp knife to prevent disturbance to the
structure of the natural soil (see Fig. 6);
• specimens were prepared in the laboratory for testing
by trimming oversized samples very carefully to the
inside dimensions of the shear box (see Fig. 7);
• after submerging specimens in water, shear tests
were conducted at a uniform rate of displacement
of 0.03 mm/min, which is assumed to have been
slow enough to ensure shear testing under drained
conditions.
As a final remark, note that although the standard
direct shear box is not the most accurate laboratorial
shear apparatus, it is important to underline that its use
intends to quantify the natural variability of the
material and not necessarily the exact value of the
property. So, if all samples are subjected to the same










– yellowish stain of oxidized biotites 
 yellowish stain of oxidized biotites after 
Fig. 4 Detail of study area
after topsoil removing:
(a) previous to sampling
(b) evolution of the








































Fig. 5 Study area scheme
with the ten sets of samples
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then the differences between the obtained parameters
are mainly due to natural variability, since methodol-
ogy errors are systematic.
3.1 Natural Variability of Soil Skeleton
During specimen preparation for direct shear tests, two
properties which define its physical state in situ were
determined—natural unit weight and moisture con-
tent. Nevertheless, the evaluation of the natural
variability of a soil skeleton, particularly in residual
soils, should be carried out using parameters not
dependent on the water content, such as dry unit
weight and voids ratio. These parameters were deter-
mined for each sample and subsequently analysed
using statistical procedures (see Table 3, where satu-
rated unit weight is also shown due to its importance in
several geotechnical problems).
Note that the values for the coefficient of variation
of the dry unit weight and the voids ratio are in
accordance with the ranges presented in Table 1 for
sands and clays. As sedimentary soils are typically
more uniform, higher values could be expected in
residual soils. However, it is important to acknowl-
edge that unlike clays, where there is a strong
correlation between water content and voids ratio,
the skeleton of residual soils is significantly more
compact and rigid; thus, in residual soils, voids ratio is
not so dependent on water content.
In modeling the variables distribution, Kolmogorov–
Smirnov Test has proved that normal distribution fits
adequately to the set of 42 observations of each three
physical properties in question. In fact, the p-value, that
is, the probability of obtaining a test statistic at least as
extreme as the one that has actually been observed under
the hypothesis of assuming that variables are, in this
case, normally distributed, is higher than the level of
significance, a, commonly adopted, 5 % (Weber et al.
2006), as it is shown in Table 4.
3.2 Natural Variability of Shear Strength
The characterization of shear strength for the range of
normal stresses chosen, 25–100 kPa, was carried out
(a) (b)
Fig. 6 Sampling procedure: (a) sampling in progress (b) collected sample
(a) (b)
Fig. 7 Preparation of specimens for testing: (a) sample with protruded material (b) specimen after trimming
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using sets of four adjacent samples (see Fig. 5),
assuming the standardization of soil behavior within
the area of each set, that is, considering the soil does
not hide eventual heterogeneities. For each set, both
peak and constant volume shear strength have been
estimated by Mohr–Coulomb criterion. The maximum
stress of 100 kPa has been adopted since the maxi-
mum in situ stress was roughly of this order (see
Fig. 8). In such conditions, it was guaranteed that the
soil skeleton was not broken during the consolidation
phase of the direct shear test.
All shear tests were carried under drained conditions
to which correspond effective shear strengths; hence-
forth, to avoid repetitions, the word ‘‘effective’’ is going
to be left out. In every single test, the peak and constant
volume shear strength were recorded, as well as the
normal stress under which the test was conducted.
Afterwards, applying the Least-Squares Method to the
points which represent the state of stress at failure, two
Mohr–Coulomb envelopes were obtained for all sets of
samples. In Table 5, relevant statistical data related to
the experimental results is shown, namely the param-
eters defining the Mohr–Coulomb failure envelope for
both peak and constant volume strength.
The coefficient of variation for peak friction angle of
the granite residual soil from Porto is acceptable
according to the benchmarks presented in literature for
sandy soils (see Table 1). On the other hand, cohesion
presents very random values, with a coefficient of
variation close to the upper bound indicated by Shahin
and Cheung (2011) for sands and clays—70 %.
Consequently, and given that the variability of constant
volume shear strength is almost insignificant, it has
been concluded that the variability of the fabric of
residual soils is what contributes the most for the
uncertainties related to their geomechanical character-
istics. This variability results also from the nonlinearity
of the Mohr–Coulomb failure criterion, particularly for
low normal stresses. In any case, since Mohr–Coulomb
failure criterion is so popular for practical purposes, it
is important to take note of the high coefficients of
variation associated with the use of this model, even
having in mind that the values presented for cohesion
and peak friction angle should only be considered valid
for the range of tested normal stresses.
As to the statistical law that governs the distribution
of both peak and constant volume friction angles, the
hypothesis of normality has not been rejected by
Komogorov-Smirnov Test, as it can be confirmed in
Table 6.
However, the set of ten results obtained for
cohesion make it difficult to find a statistical law
fitting its statistical distribution (see Fig. 9).
∼
−
Fig. 8 Excavation slope and location of the study area
Table 3 Statistical parameters related to dry and saturated unit weight and voids ratio
Property N. Samples l^ bcv (%) Minimum Maximum
Dry unit weight 42 16.4 kN/m3 3.5 15.1 kN/m3 17.8 kN/m3
Voids ratio 42 0.58 9.6 0.45 0.72
Saturated unit weight 42 20.0 kN/m3 1.8 19.1 kN/m3 20.8 kN/m3










Normal 53 5 Hypothesis not
rejected




Normal 84 5 Hypothesis not
rejected
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Indeed, even the lognormal distribution suggested by
Forrest and Orr (2010) does not fit the results distribu-
tion, since, among other reasons, it does not allow the
cohesion to assume null values. In order to work around
this problem, a hypothetical scenario where only four
shear tests had been made to characterize this soil mass
was considered. For this hypothetical case, and taking
into account that there are 40 experimental results, 10
for each normal stress, it is possible to proceed to
10 9 10 9 10 9 10 = 10000 random groupings of
four samples. The dispersion concerning this scenario is
represented in Fig. 10.
The histogram represented in Fig. 10 shows a
decreasing tendency of the probability of occurrence
as the cohesion increases. Moreover, the class of
values lower than 2.5 kPa has the highest absolute
frequency, including 916 null cohesions, approxi-
mately 10 % of the values obtained by this procedure.
This is a consequence of the physical impossibility of
negative cohesions and thus, it seems more appropri-
ate and cautious to consider an exponential distribu-
tion to model its variability.
3.2.1 Scale of Fluctuation of Peak Strength
When the shear strength is defined by Mohr–Coulomb
failure criterion, the peak friction angle and the
cohesion cannot be detached, because it depends on
the combination of these two parameters. In fact,
cohesion and peak friction angle are correlated and, in
this particular soil, there is a strong negative correla-
tion defined by a coefficient of correlation, R, of
approximately -0.9 (see Fig. 11).
As a result, the comparison between the shear strength
exhibited by each set of four samples should be made
using another parameter, for example the secant friction
angle suggested by Bolton (1986) for sands.
The secant friction angle can be interpreted as a
normalization of shear strength, since it is defined as
the angle associated with the ratio between the shear
strength exhibited by a sample and the normal stress
under which the test was carried out. Since shear tests
were conducted under the four normal stresses
considered for every set of samples, the arithmetic
mean of the four secant peak friction angles is
representative of the ‘‘average’’ peak shear strength
of each sample for the tested range of normal stresses.
The map of spatial variability of the secant peak
friction angle is shown in Fig. 12.
As Fig. 12b shows, the mean value of the secant peak
friction angle and subsequently the variability of the
peak shear strength does not present a dispersion as


















Fig. 9 Histogram of the cohesion of the ten sets of samples
Table 5 Statistical parameters related to peak and constant volume strength
Property N. Sets of Samples l^ bcv (%) Minimum Maximum
Peak friction angle 10 40.3 7.9 36.3 45.6
Cohesion 10 9.3 kPa 68.0 0.2 kPa 18.9 kPa
Constant volume friction angle 10 37.5 3.4 35.3 39.4















Normal 88 5 Hypothesis
not rejected
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spatial fluctuations are both random and almost
negligible.
So, in order to objectify the spatial component of
the natural variability of the peak shear strength, the
value of the horizontal scale of fluctuation related to
the ‘‘average’’ secant peak friction angle has been
determined by the following expedited method.
First, several polylines were defined by an almost
random process of grouping sets of samples located
within the area in analysis. Those polylines were
defined by connecting the geometrical centres of some
sets of four samples which characterize areas of
0.25 9 0.25 m2. And so, the spatial fluctuations of the
‘‘average’’ peak shear strength within the area of
1.15 9 1.15 m2 can somehow be perceived by ana-
lyzing the fluctuations of the ‘‘average’’ secant peak
friction angle along those polylines.
Furthermore, the quantification of the horizontal
scale of fluctuation of the ‘‘average’’ peak shear
strength requires the definition of a representative
value of the shear strength of the whole area in
analysis. As, excluding heterogeneity, the shear
strength exhibited by a soil at the same depth and
thereafter under the same confining stress should be
roughly constant, it seems reasonable to consider the
arithmetic mean of the 10 ‘‘average’’ secant peak
friction angles as an appropriate reference value for
the purpose of estimating the scale of fluctuation.
Hence, considering three different combinations of
sets of samples (7-10-9-3-5, 1-2-9-3-5 and 1-10-8-3-6-
4, identified in Fig. 12), the horizontal scale of fluctu-
ation of the peak shear strength was estimated using
eq. (2)—0.37, 0.29 and 0.42 m, respectively. As an
example, Fig. 13shows the fluctuationsof the ‘‘average’’
secant peak friction angle for the combination of sets of
samples resulting in a scale of fluctuation of 0.42 m.
Cautiously, it can be said that an indicative value of
the horizontal scale of fluctuation of the peak shear
strength of the soil in analysis is 0.4 m, which is
notably lower than the ones referred to other geotech-
nical parameters that characterize the shear strength of
both sandy and clayey soils (see Table 2).
3.2.2 Scale of Fluctuation of Constant Volume
Strength
The same procedure has been applied to the ‘‘average’’
secant constant volume friction angle and the values
obtained for the corresponding horizontal scale of
fluctuation are 0.40, 0.52 and 0.33 m, respectively, for




































Fig. 11 Correlation between peak friction angle and cohesion
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and 1-10-8-3-6-4. Hence, the horizontal scale of
fluctuation of the constant volume shear strength can
be taken as 0.5 m.
3.2.3 Influence of Scales of Fluctuation
in Coefficients of Variation
As a consequence, the coefficients of variation of both
peak and constant volume shear strength parameters,
that is, peak and constant volume friction angles and
cohesion, should be reduced according to Eq. (3). That
is, when analysing the stability of a mass of this
particular residual soil along a given failure surface,
the coefficients of variation to be considered should be
the ones presented in Fig. 14 and Fig. 15, which
depend on the length of the failure surface itself. Note
that, to simplify this proposal, it is assumed that the
vertical scale of fluctuation of the property in analysis
is equal to the horizontal one, which seems to be an
appropriate assumption for residual soils.
However, it should be noted that the determined
scales of fluctuation cannot be higher than the
dimensions of the area used to their determination.
As this area is particularly small to be considered a
representative sample of this highly heterogeneous
granitic soil, the estimates presented for both scales of
fluctuation do not obviously intend to settle definitive
benchmarks for this type of soils. Its purpose is only to
contribute for the development of the characterization
of the spatial variability of residual soils in general by
presenting the analysis of the results of shear tests run
on 40 samples of this particular soil.
3.2.4 Characteristic Values
According to clause 2.4.5.2(2) of EN 1997-1:2004/
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Fig. 13 Deviations from trend of the ‘‘average’’ secant peak
friction angle along the following sets of samples: 1, 10, 8, 3, 6
and 4
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parameter shall be selected as a cautious estimate of the
value affecting the occurrence of the limit state’’.
Therefore, when the scale of fluctuation of shear strength
is small enough in comparison with the length of a given
failure surface such that shear resistance is governed by
its average value, it is reasonable to consider it as a
cautious estimate of the overall shear strength instead of
5 % fractile proposed in clause 4.2(3) of EN 1990:2002/
A1:2005/AC:2010. That is, in the particular case of
geotechnical structures involving materials with similar
geomechanical properties to this granite residual soil
from Porto, the characteristic value of shear strength can
be considered equal to its mean value, as long as local
failures are not a matter of concern.
4 Conclusions
The granite residual soil from Porto characterized in
this paper presents an important lithological
heterogeneity, which is very common in these ge-
omaterials and, in this particular case, easily perceived
to the naked eye. The coefficients of variation obtained
for both physical and mechanical properties are in
accordance with the benchmarks presented in the
literature for sedimentary soils, specifically for sands,
which represent the main granulometric fraction of
residual soils from granite. However, the set of values
related to effective cohesion are really scattered, with
a coefficient of variation that is very close to the
maximum upper limit proposed in the literature for
clays. Therefore, it might be more accurate and
prudent to use an exponential distribution instead of
a lognormal law to model the variability of the
effective cohesion of a residual soil, mainly because it
allows this parameter to assume null values.
Moreover, as the constant volume shear strength
depends mostly on pure friction and its coefficient of
variation is slightly lower than the one related to the
peak shear strength, it could be concluded that the
variability of the shear strength is mainly related to the
variability of its fabric, which is destroyed when
reaching the peak resistance.
Lastly, it is important to note that the values of the
horizontal scales of fluctuation of the peak and the
constant volume shear strength of the residual soil in
question, approximately and respectively 0.4 and
0.5 m, determined according to the simplified proce-
dure suggested by Kulhawy and Phoon (1999), are
extremely small when compared with the benchmarks
proposed in the literature for other geomechanical
parameters of sedimentary soils (see Table 2). Con-
sequently, the fluctuations around the average shear
strength are very persistent along short distances
which means that, when failure surfaces are long in
comparison with the value of the scale of fluctuation,
the shear strength of the ground is controlled by its
average value, that is, even if the distribution of the
shear strength along the failure surface is highly
scattered, redistribution of shear stresses can take
place and so compensate the lack of shear strength of
the most fragile areas. However, as geotechnical
properties of residual soils depend on many factors,
their statistics may differ significantly from site to site
which means that theses scales of fluctuation might not
apply to every single granitic soil. Therefore, further
investigations should be carried out in the future in
order to complement the main conclusions presented



















Fig. 14 Influence of the scale of fluctuation in the reduction of





















Fig. 15 Influence of the scale of fluctuation in the reduction of
the coefficients of variation of the peak and constant volume
friction angles
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